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DISTRIBUTED CONSENSUS FOR MULTIAGENT SYSTEMS WITH
COMMUNICATION DELAYS AND LIMITED DATA RATE∗
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Abstract. This paper considers the average consensus problem for multiagent networks with
communication delays and limited data rate. On one hand, communication delays often exist in
information acquisition and transmission; on the other hand, only limited state information of agents
can be transmitted to their neighbors at each time step due to bandwidth constraints. The average
consensus problem becomes much more complicated when both delays and data-rate constraints are
to be considered. In this paper, a distributed consensus protocol is proposed based on dynamic
encoding and decoding. It is shown that for a connected network, as long as the time delays are
bounded, the average consensus can be achieved with a finite communication data rate. In particular,
it is shown that merely a one-bit information exchange between each pair of adjacent agents at each
time step suffices to guarantee the average consensus.
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1. Introduction. Distributed consensus has become a hot research topic in re-
cent years [11], [18], [1], [2], [19]. The problem is widely encountered in real-world
applications such as distributed computation, flocking, traffic control, networked con-
trol, and flight formation.

The average consensus problem involves designing a distributed protocol or dis-
tributed control law such that the states of all the agents converge to the average of
their initial states asymptotically or in a finite time. It is noted that, in practice,
on one hand, communication delays are unavoidable in information acquisition and
transmission, and it has been shown that under the conventional protocols, consensus
may not be achieved when there exist communication delays [20]; on the other hand,
in digital communication networks, communication channels have only finite capaci-
ties; that is, an agent can transmit only finite bits of information to its neighbors at
each time step. Hence, both communication delays and data-rate constraints should
be taken into consideration when designing a consensus protocol.

Recently, consensus with quantized communication has drawn the attention of
the systems and control community. A gossip-algorithm-based approximate average
consensus protocol is provided in [13] under the assumption that the states of agents
are integer-valued. Under the same assumption, Nedic et al. [17] analyze the quanti-
zation effect on average consensus and give an upper bound for the consensus error.
In [7], three kinds of update strategies are considered based on both deterministic
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and probabilistic quantizers. The average consensus problem is solved by using log-
arithmic quantizers with infinite level in [4] and [5]. Under the assumption that the
quantization errors are white noises, two coding schemes are provided in [22], and
conditions under which the consensus can be achieved are obtained. Meanwhile, by
considering a Cayley graph, the average consensus problem is analyzed in [8]. Other
works for the consensus problem with additive noises can be found in [10], [15], [12],
and [16]. By introducing dynamic encoding and decoding schemes, it is proved in [6]
and [14] that the average consensus problem can be solved by using only finite level
quantizers. Moreover, Li et al. [14] prove that the number of transmitting bits at each
time step can be reduced to one by properly selecting the controller parameters.

For networks with communication delays, much work on consensus protocol design
and analysis has been done. An initial study on this problem can be found in [18]
using a frequency domain method, and a necessary and sufficient condition on the
upper bound of time delays is provided under the assumption that all the delays
are equal and time-invariant. Bliman and Ferrari-Trecate [1] provide a systematic
way to analyze the continuous-time average consensus problem with transmission
delays and give a sufficient condition for achieving average consensus with bounded
communication delays. For the discrete-time case, the consensus problem for systems
with dynamically changing topologies and time-varying delays is considered in [3] and
[20]. Their results show that a multiagent system can reach consensus under some
connectivity condition, irrespective of time delays. For multiagent systems with time-
varying delays and noises in transmission channels, the consensus problem is studied
in stochastic sense in [16]. Both strong consensus and mean square consensus are
investigated under fixed and switching topologies.

It can be seen that most of the above works deal with the consensus problem with
communication delays and limited data rate separately. Note that time delays and
data-rate constraints coexist in real multiagent networks. However, for networks with
both communication delays and data-rate constraints, the average consensus problem
cannot be solved by the existing methods. Moreover, for the finite-level quantization,
quantization errors cannot be regarded as additive white noises, so the method in [16]
is not applicable. In this paper, we shall consider the average consensus problem for
undirected networks by considering communication delays and data-rate constraints
simultaneously.

Based on the previous work [14], we adopt a dynamic encoding and decoding
scheme with finite-level quantizers. We design a distributed protocol with error com-
pensation. Note that the time delays are to be considered in the encoder-decoder and
the protocol design. If we write the whole system into an augmented system, it can be
seen that the system is time-varying and contains multiple delays in the states. The
existing results cannot be applied to analyze the convergence of the augmented sys-
tem. Due to the presence of state delays, the diagonalization approach in [14] cannot
be used. The state augmentation approach in [20], which is used to solve consensus
with time-varying transmission delays, is not applicable since the whole system be-
comes nonlinear due to quantization. To overcome this difficulty, an auxiliary system
is introduced to represent the system in two coupled parts—a persistent part which
converges to a delay-free version of the original system and a delay part which contains
all the effects of the delays. Motivated by [16], we can get a stability condition which
is given in terms of the network topology, the upper bound of the time delay, the
number of quantization levels, and the scaling function to be designed for coding. We
show that if the network is connected and the time delays are bounded, then for any
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given finite-level uniform quantizer, the consensus gain and the scaling function can
be chosen properly such that the average consensus can be achieved asymptotically.
In particular, if the control parameters are properly chosen, the average consensus
can be guaranteed with merely a one-bit information exchange between agents at
each time step.

The remainder of the paper is organized as follows: In section 2 we formulate the
consensus problem under investigation. The protocol design and consensus analysis
are given in section 3. Some examples are given in section 4. Conclusions are drawn
in section 5.

Some remarks on notation are given as follows. Denote by χΩ(t) the indicator
function, i.e., χΩ(t) = 0 if t /∈ Ω and χΩ(t) = 1 if t ∈ Ω. For a given matrix A, we
denote its (i, j)th element as Ai,j . We denote A ≥ 0 if A is a nonnegative matrix, i.e.,
all the elements of A are nonnegative. For given matrices A and B, we denote A ≥ B
if A−B is a nonnegative matrix. The transpose of a matrix A is denoted by A′. The
ceiling and floor functions are, respectively, denoted by �·� and �·�. Denote by δi,j
the Kronecker delta function, i.e., δi,j = 1 if i = j and δi,j = 0 otherwise. We denote
by 1n the n dimensional column vector with every element equal to 1. We denote the
Euclidian norm and infinity norm by ‖ · ‖2 and ‖ · ‖∞, respectively. The transition
matrix of M(k) is defined as

ΠM
i,j =

{
M(i)M(i− 1) · · ·M(j), i ≥ j,

I, i < j.

2. Problem statement. In this paper, we consider N agents with the following
dynamics:

(1) xi(k + 1) = xi(k) + ui(k), i = 1, 2, . . . , N.

The communication topology among agents is modeled as a graph, denoted by G =
(V , E), with the vertex set V and the edge set E ⊆ V × V . We denote by ai,j ≥ 0 the
weighting on the edge (j, i). If (j, i) /∈ E , then ai,j = 0; otherwise, ai,j > 0. The set of
neighbors of vertex i is defined by Ni = {j | j ∈ V , (j, i) ∈ E}. If ai,j = aj,i for any
pair of vertices, the associated communication graph is called an undirected graph.
For an undirected graph, we call degi =

∑
j∈V ai,j the degree of i and D∗ = maxi degi

the degree of G.
The Laplacian matrix L of the graph G is defined as that for any i, j ∈ V and

i 
= j, Li,j = −ai,j and Li,i = degi. There is a path from vertex i to vertex j if there
exists a sequence l1, . . . , lp ∈ V satisfying (i, l1), (l1, l2), . . . , (lp−1, lp) ∈ E(G), where
lp = j and i, l1, . . . , lp are distinct vertices. Given a graph G, it contains a spanning
tree if there exists at least one vertex i such that for any other vertex j, there is a
path from i to j. If an undirected graph contains a spanning tree, it is connected.
Some properties of the Laplacian matrix are recalled below.

Lemma 2.1. For an undirected graph G with V = {1, 2, . . . , N}, the corresponding
Laplacian matrix L has the following properties:

1. λ1(L) = 0;
2. λ2(L) > 0 if and only if the graph is connected;
3. ‖L‖2 = λN (L) and ‖L‖∞ = 2D∗,

where λi(L) is the ith smallest eigenvalue of L. Moreover, for Laplacian matrices L1

and L2 satisfying L1 ≤ L2, we have ‖L1‖2 ≤ ‖L2‖2 and ‖L1‖∞ ≤ ‖L2‖∞.
Proof. The proof follows directly from the properties of the Laplacian matrix [9]

and the details are omitted.
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Fig. 1. The transmission channel from i to j.

In this paper, we assume that transmission channels are noiseless digital channels
without packet dropouts. The time delay of the transmission channel from i to j
is denoted by di,j , where di,j is a nonnegative integer. The communication between
each pair of neighbors is as follows: at each time instant k, the agent i encodes its
state xi(k) by an encoder φi into a symbolic data Δi(k), which will be sent to agent
j through the channel. Due to the time delay in the transmission channel from i to j,
the symbolic data received by the neighbor node j at time instant k is Δi(k−dj,i(k)).
Then agent j uses a decoder ϕi,j to get an estimate of agent i’s state. The whole
communication process from agent i to j is shown in Figure 1.

We say that {u1(t), u2(t), . . . , uN(t), t = 0, 1, . . .} is a distributed protocol over
digital network G if ui(t) depends only on the states of the ith agent, the state of en-
coder φi, and the outputs of decoders ϕj,i, j ∈ Ni. In this paper, we will consider how
to design proper encoders, decoders, and a distributed protocol {u1(t), u2(t), . . . , uN (t),
t = 0, 1, . . .} such that

lim
k→∞

xi(k) =
1

N

N∑
i=1

xi(0), i = 1, 2, . . . , N.

We introduce the following assumptions to communication channels and topology.
Assumption 1. The communication graph G is a connected undirected graph.
Assumption 2. The time delays of all channels are bounded and symmetric, i.e.,

di,j(k) = dj,i(k), and max(i,j)∈E di,j(k) ≤ d, where d is a positive integer.
Assumption 3. Each agent has a memory of its past d states, and data transmitted

through a channel is with a time stamp.
Assumption 4. There is a known constant Cx such that maxi |xi(0)| ≤ Cx.
Remark 2.1. We assume that the delays are symmetric in each transmission

channel in order to guarantee that the average value of the initial states is preserved
at each time step. Meanwhile, we need an upper bound Cx of the initial states to
design the protocol. Note that Cx can be estimated in a distributed way.

3. Protocol design and consensus analysis.

3.1. Protocol design. It is noted that the exact consensus cannot be reached
by using static quantizers [13]. Therefore, we need to design a dynamic encoder and
decoder with finite-level quantization to process the data to be transmitted. The
encoder for agent i is given as

(2)

{
x̂i(k) = g(k − 1)Δi(k) + x̂i(k − 1), x̂i(0) = 0,

Δi(k) = q
[
xi(k)−x̂i(k−1)

g(k−1)

]
,

where x̂i(k) is the encoder state, g(k) > 0 is the scaling function to be designed,
and q[·] is a quantizer. Figure 2 shows the diagram of the encoder (2). In fact, x̂i
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Fig. 2. The encoder φi.

Fig. 3. The decoder ϕi,j.

can be viewed as the estimation of the state, and the inverse scaling function 1
g(k)

is to zoom in the estimation error ei(k)
Δ
= xi(k + 1) − x̂i(k). Then we quantize the

zoomed innovation and send the quantized data Δi(k) to the transmission channel.
As shown above, the quantized data received by the neighbor node j at time instant k
is Δi(k− dj,i(k)). We propose a decoder for agent j associated with the transmission
channel from i to j of the form

(3) x̂j,i(k) = x̂j,i(k−1)+g(k−dj,i(k)−1)Δi(k−dj,i(k))χ[0,∞)(k−dj,i(k)), x̂j,i(0) = 0.

The diagram of the decoder is given in Figure 3. It is straightforward that x̂j,i(k) =
x̂i(k − dj,i(k)).

The scaling function g(·) should satisfy that limk→∞ g(k) = 0. In this paper, we
choose exponential function g0γ

k with 0 < γ < 1 as the scaling function g(k). We
consider a finite-level uniform quantizer which is defined as

(4) q[x] =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

K, x ≥ K − 1
2 ,

l, l − 1
2 ≤ x < l + 1

2 ,
l = 1, 2, . . . ,K − 1,

0, − 1
2 < x < 1

2 ,−q[−x], x ≤ − 1
2 .

From (4) we can see that the number of quantization levels is 2K+1. No information
will be sent when the output of quantizer is 0, in which case the communication
channel from agent i to j, j ∈ Ni, is required to be capable of transmitting �log2(2K)�
bits.

We propose a distributed protocol as

(5) ui(k) = h
∑
j∈Ni

ai,jχ[0,∞)(k − di,j(k)) [x̂i,j(k)− x̂i(k − di,j(k))],
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where h is the consensus gain function to be designed.

3.2. Consensus analysis. Define the sub-Laplacian matrix Ll(k) as

Li,j
l (k) =

{ −ai,jδdi,j(k),lχ[l,∞)(k), i 
= j,∑
j∈Ni

ai,jδdi,j(k),lχ[l,∞)(k), i = j,

where Ll(k) is the Laplacian matrix of the subgraph [1] corresponding to time delay
l. It is noted that Ll(k) = L′

l(k) thanks to the symmetry of delays. According to the
definition of Ll(k), we have

(6) Ll(k)1N = 0, 1′
NLl(k) = 0, l = 0, 1, . . . , d.

Denote

X(k) = col {x1(k), x2(k), . . . , xN (k)} , X̂(k) = col {x̂1(k), x̂2(k), . . . , x̂N (k)} ,
X̃(k) = X(k)− X̂(k), ξ(k) = X(k)− JNX(k),

where JN = 1N1′
N/N . It is noted that ξ(k) stands for the disagreement, i.e., the

deviations of the states from the average value at time instant k. The closed-loop
system can be written in the compact form

(7)

⎧⎪⎨
⎪⎩

X(k + 1) = X(k)− h
d∑

i=0

Li(k)X̂(k − i),

X̂(k + 1) = X̂(k) + g(k)q
[
X(k+1)−X̂(k)

g(k)

]
,

where the quantizer q[·] is carried out elementwise. According to (6) and (7) we get

(8)
1

N

N∑
i=1

xi(k + 1) =
1

N
1′
NX(k + 1) =

1

N
1′
NX(k) =

1

N

N∑
i=1

xi(k),

which means that the state average is preserved at each step. Thus, the average
consensus problem is solved if and only if

(9) lim
k→∞

ξ(k) = 0.

In view of (6) and (7), we can easily see that

e(k)
Δ
= X(k + 1)− X̂(k)

= X̃(k) + h

d∑
i=0

Li(k)
[
X̃(k − i)−X(k − i)

]

= X̃(k) + h

d∑
i=0

Li(k)
[
X̃(k − i)− ξ(k − i)

]
.(10)

Note that (I − JN )Li(k) = Li(k) = Li(k)(I − JN ), which together with (7) and (10)
yields ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩
ξ(k + 1) = ξ(k)− h

d∑
i=0

Li(k)ξ(k − i) + h
d∑

i=0

Li(k)X̃(k − i),(11a)

X̃(k + 1) = e(k)− g(k)q

[
e(k)

g(k)

]
.(11b)
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It is noted that there are multiple delays in system (11a) and the matrices Li(k),
i = 0, . . . , d, are time-varying, which poses challenges for consensus analysis. We
shall provide a way to choose the consensus gain h, the parameters g0 and γ of the
scaling function, and quantization level 2K + 1 such that (9) holds. By looking at
(11a)–(11b), it is easy to see that (9) holds when limk→∞ X̃(k) = 0 and the system
(11a) is stable.

Denote w(k) = ξ(k) 1
g(k) , z(k) = X̃(k) 1

g(k) . According to the definition of g(k), it

follows from (11a)–(11b) that⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

w(k + 1) = γ−1w(k)− h
d∑

i=0

Li(k)γ
−i−1w(k − i)

+ h

d∑
i=0

Li(k)γ
−i−1z(k − i),

(12a)

z(k + 1) = γ−1 {ē(k)− q [ē(k)]} ,(12b)

where

(13) ē(k) = e(k)
1

g(k)
= z(k) + h

d∑
i=0

Li(k)γ
−iz(k − i)− h

d∑
i=0

Li(k)γ
−iw(k − i).

Note that γz(k + 1) is equal to the quantization error of ē(k). If ē(k) never makes
the quantizers saturate, then we have ‖z(k)‖∞ ≤ 1

2γ . If the delay system (12a)

is further stable, supk≥0 ‖w(k)‖∞ must be bounded, which leads to (9) when g(k)
satisfies that limk→∞ g(k) = 0. Actually, if any of the quantizers is saturated, the
problem becomes complicated since the boundedness of z(k) as well as w(k) cannot
be guaranteed. Then, we note that the average consensus is solved if the following
problem can be solved.

Problem. Find the consensus gain function h, scaling function parameters g0,
γ, and quantization level 2K + 1 such that

1. system (12a) is stable;
2. ē(k) never makes the quantizers saturate.

In the rest of the paper, we shall consider the above problem instead.
Remark 3.1. The two systems (12a) and (12b) play a key role in the average

consensus problem. However, the two systems are coupled and (12b) is a nonlinear
system. Moreover, it is very challenging to analyze the stability of system (12a) since
it is a time-varying system with multiple state delays. If we apply the augmentation
approach to system (12a), we have the augmented system of the form

W (k + 1) =

⎡
⎢⎢⎢⎣

I−hL0(k)
γ

−hL1(k)
γ2 · · · −hLd(k)

γd+1

I 0
. . .

...
I 0

⎤
⎥⎥⎥⎦W (k)

+

⎡
⎢⎢⎢⎣

I
0
...
0

⎤
⎥⎥⎥⎦ h

d∑
i=0

Li(k)γ
−i−1z(k − i),
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where W (k) = col{w(k), w(k − 1), . . . , w(k − d)}. However, it is not clear how to
choose h such that the augmented system is stable. In this paper we introduce an
auxiliary system. Based on the analysis of the auxiliary system, we can show how to
select the control gain h such that system (12a) is stable.

Consider the auxiliary system⎧⎪⎨
⎪⎩

wa(k + 1) = A(k)wa(k) +H(k), k ≥ d,(14a)

H(k) =

d∑
i=1

Bi(k)H(k − i) + h

d∑
i=0

Li(k)γ
−i−1z(k − i),(14b)

with initial conditions wa(d) = w(d), H(0) = · · · = H(d − 1) = 0, where A(k) and
Bi(k), i = 1, 2, . . . , d, satisfy

A(k) +B1(k) = γ−1 (I − hL0(k)) ,(15)

B1(k)A(k − 1)−B2(k) = γ−2hL1(k),(16)

...

Bd−1(k)A(k − d+ 1)−Bd(k) = γ−dhLd−1(k),(17)

Bd(k)A(k − d) = γ−d−1hLd(k).(18)

By simple calculation, it can be shown that w(k) = wa(k) for all k ≥ d. Note that
given the initial conditions A(i), i = 0, 1, . . . , d − 1, the matrices A(k) and Bi(k),
i = 1, 2, . . . , d, can be calculated iteratively by (15)–(18). Define

ρA(t, θ) = t2
(1 − θ)−d − 1− dθ

θ (θ + 1 + dθ − (1 − θ)−d)
,(19)

ρB(t, θ, l) =
√
N
(
t2 + θρA(t)

) (1− θ)−d − 1− dθ

θ2(1 − θ)ld
,(20)

where

(21) θ ∈ {a : a+ 1 + da > (1− a)−d, a ∈ (0, 1)}.
It is obvious that the set in (21) is not empty for any given positive integer d. For
the auxiliary system (14b), we have the following lemma, whose proof can be found
in Appendix A.

Lemma 3.1. Consider system (14a)–(14b). Denote

(22) ΔA(k) = γA(k)− I + hL(k), ΔBj (k) = Bj(k)− γ−jh

d∑
i=j

Li(k), j = 1, . . . , d,

where L(k) =
∑d

i=0 Li(k). For any given constant θ satisfying (21), constant λ̄
satisfying λ̄ ≥ supk λ(L(k)), if

(23) ‖ΔA(k)‖2 < ρA(λ̄, θ)h
2, k = 0, 1, . . . , d− 1,

and 0 < h < h1(λ̄, θ), where

(24) h1(λ̄, θ) =
2θ√

λ̄2 + 4ρA(λ̄, θ)θ + λ̄
,
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then for all k ≥ d, A(k) is invertible and

(25) ‖ΔA(k)‖2 < ρA(λ̄, θ)h
2.

Furthermore, given any l > 0, if (1− θ)l < γ < 1, then

(26) ‖ΔBj (k)‖∞ < ρB(λ̄, θ, l)h
2, j = 1, . . . , d.

In what follows, we shall consider the problem in two cases separately, including
constant transmission delays and time-varying transmission delays.

Case 1. Constant delays. In this case, we shall consider that all the communica-
tion delays are time invariant. It is obvious that

d∑
l=0

Ll(k) = L ∀ k ≥ d.

Denote λi the ith smallest eigenvalue of L. Before giving the main result, the following
lemma is needed, whose proof is given in Appendix B.

Lemma 3.2. Consider system (12a)–(12b). Define

(27) M1(h, γ, g0) =
1

2γ
+

(
1

2γ
+ f1(h, γ, d)

)
2hD∗ γ

−d − 1

γ−1 − 1
,

where f1 is given by
(28)

f1(h, γ, k) = pk1
2
√
NCx

g0
+

h
√
NλN

(
γ−d − 1

) (
pk1 − 1

)
2γ (1− γ) (p1 − 1)

, p1 = γ−1 + hλN
γ−d − 1

1− γ
.

If g0 ≥ 2γCx, and K ≥ �M1(h, γ, g0) +
1
2�, then

(29) ‖w(k)‖2 ≤ f1(h, γ, k), ‖z(k)‖∞ ≤ 1

2γ
∀ k = 0, 1, . . . , d.

Define

(30) h̄θ = min

{
h1(λN , θ),

λ2

ρA(λN , θ)
,

(
1 + 2D∗(1− θ)−d +

ρB(λN , θ, 1)

4

)−d
}
,

where h1 is defined in (24), and

(31) γ̄h = 1− λ2h+ ρA(λN , θ)h2,

(32) K1(h, γ, g0) =
1

2γ
+

(
1

2γ
+ w̄(h, γ)

)
2hD∗ γ

−d−1 − 1

γ−1 − 1
,

with w̄ defined as

w̄(h, γ) = max

{
f1(h, γ, d),

h
1
dD∗√N(γ−d−1 − 1)

(1− γ)(1− β)(γ − γ̄h)

}
,(33)

β = max

{
h

1
d , h

1
d
2D∗(1 − θ)−d + ρB(λN , θ, 1)/4

1− h
1
d

}
.(34)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2248 SHUAI LIU, TAO LI, AND LIHUA XIE

Now we are in the position to give the main result.
Theorem 3.1. Consider system (1) with the Assumptions 1–4 satisfied. Apply

the protocol (5) with the encoder (2) and the decoder (3). For any given constant θ
satisfying (21), if the control parameters h, γ, g0 satisfy

(35) h ∈ (0, h̄θ), γ ∈ (γ̄h, 1), g0 ≥ 2γCx,

and the number of the quantization level satisfies

(36) K ≥
⌊
K1(h, γ, g0) +

1

2

⌋
,

we have the following results:
I. The average consensus problem is solved, and

(37) lim
h→0+,γ→1−

K1(h, γ, g0) =
1

2
;

i.e., the lower bound of the number of transmitting bits is 1.
II. The consensus error ξ(k) satisfies

(38) lim sup
k→∞

‖ξ(k)‖2
γk

≤ w̄g0,

and rasym ≤ γ, where

(39) rasym = sup
ξ(0) 	=0

lim
k→∞

‖X(k)− JNX(0)‖1/k2

is the convergence rate of the average consensus defined in [21].
Proof. We shall consider the stability of system (14a)–(14b) with the initial

condition of A(k) satisfying

‖ΔA(k)‖2 < ρA(λN , θ)h2, k = 0, 1, . . . , d− 1,

where λN is the largest eigenvalue of the Laplacian matrix and θ satisfies (21). Then,
according to (30), (35), and Lemma 3.1, we have ‖ΔA(k)‖2 < ρA(λN , θ)h2 for all
k ≥ 0. Note that (I − JN )ξ(k) = (I − JN )2X(k) = (I − JN )X(k) = ξ(k). According
to the definition of w(k), it is clear that (I − JN )w(k) = w(k). Since wa(k) = w(k)
for all k ≥ d, system (14a) can be written as

(40) wa(k + 1) = Ā(k)wa(k) +H(k),

where Ā(k) = A(I −JN )
Δ
= γ−1(I−hL−JN +ΔĀ(k)) with ΔĀ(k) = ΔA(k)(I −JN ).

Then we have

‖ΔĀ(k)‖2 ≤ ‖ΔA(k)‖2‖I − JN‖2 = ‖ΔA(k)‖2 < ρA(λN , θ)h2.

Note that the eigenvalues of I − hL − JN are 0, 1 − λ2, . . . , 1 − λN . Since the
communication graph is connected, from Lemma 2.1, we know that λ2 > 0. According
to (31) and (35), we have

(41)
∥∥Ā(k)∥∥

2
≤ γ−1 (‖I − hL− JN‖2 + ‖ΔA(k)‖2) ≤

γ̄h
γ

< 1.
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Inequality (41) implies the stability of system (40) and equivalently that of (14a).
Next, we shall analyze the stability of (14b). We rewrite system (14b) in the

augmented form

(42) H̄(k) = B(k)H̄(k − 1) + Γh

d∑
i=0

Li(k)γ
−i−1z(k − i),

where

B(k) =

⎡
⎢⎢⎢⎢⎢⎣

B1(k) B2(k) B3(k) · · · Bd(k)
I

I
. . .

I

⎤
⎥⎥⎥⎥⎥⎦ ,

Γ =
[
I 0 · · · 0

]′
, H̄(k) =

[
H ′(k) · · · H ′(k − d+ 1)

]′
.

By introducing the linear transformation

T =

{
diag{I, h1/dI, h2/dI, . . . , hd−1/dI}, d 
= 1,
I, d = 1,

we have

(43) B̄(k)
Δ
= TB(k)T−1 =

⎡
⎢⎢⎢⎢⎢⎣

B1(k)
B2(k)

h1/d

B3(k)

h2/d · · · Bd(k)

h(d−1)/d

h1/dI 0

h1/dI 0
. . .

...
h1/dI 0

⎤
⎥⎥⎥⎥⎥⎦ .

By (30), it follows that γ̄h > 1 − λ2h − ρA(λN , θ)h2 > 1 − θ. According to Lemma
3.1 and (35), we know that ‖ΔBj (k)‖∞ < ρB(λN , θ, 1)h2. Moreover, by considering
Lemmas 2.1 and 3.1, it follows that

‖Bj(k)‖∞ =

∥∥∥∥∥∥γ−jh

d∑
i=j

Li(k) + ΔBj (k)

∥∥∥∥∥∥
∞

≤ 2hγ−jD∗ + ρB(λN , θ, 1)h2,

where D∗ is the degree of the graph. Then we calculate the norm of B̄ based on (43)
as follows:

∥∥B̄(k)
∥∥
∞ ≤ max

{
h

1
d ,

d∑
i=1

h
1−i
d ‖Bi(k)‖∞

}

≤ max

{
h

1
d ,

d∑
i=1

h
1−i
d

(
2hγ−iD∗ + ρB(λN , θ, 1)h2

)}

≤ max

{
h

1
d , 2h

d+1
d D∗

d∑
i=1

(
h

1
d γ
)−i

+ ρB(λN , θ, 1)h2
d∑

i=1

h
1−i
d

}

< max

{
h

1
d ,

2h
1
dD∗γ−d

1− γh
1
d

+ ρB(λN , θ, 1)h
d+1
d

1− h

1− h
1
d

}

< max

{
h

1
d , h

1
d
2D∗(1− θ)−d + ρB(λN , θ, 1)/4

1− h
1
d

}
= β.(44)
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The last inequality is due to that 1−γh
1
d > 1−h

1
d and h(1−h) ≤ 1

4 . From the above

inequality we can see that β < 1 if and only if h <
(
1 + 2D∗(1− θ)−d + ρB

4

)−d
, which

is satisfied according to (30) and (35). On the other hand, β < 1 implies the stability
of system (42). In other words, (35) implies the stability of system (14a)–(14b).

Last, we shall prove that when K1(h, γ, g0) is large enough the quantizer will
never be saturated for any K satisfying (36). This can be done by induction. It is
easy to check that K1(h, γ, g0) > M1(h, γ, g0), where M1 is as defined in (27), which
means that ‖ē(k)‖∞ ≤ K1(h, γ, g0) for k = 0, 1, . . . , d. Suppose that

‖ē(k)‖∞ ≤ K1(h, γ, g0) ∀k = 0, 1, . . . , s,

where s ≥ d. According to (12b) we see that ‖z(k)‖∞ ≤ 1
2γ for all k = 0, 1, . . . , s+1,

s ≥ d. Considering (42) with initial condition H̄(0) = 0, we have

∥∥ΠB
i,j

∥∥
∞ ≤ ‖T ‖∞

∥∥T−1
∥∥
∞

∥∥∥ΠB̄
i,j

∥∥∥
∞

≤ h
1−d
d βi−j+1,

and

∥∥H̄(s)
∥∥
∞ =

∥∥∥∥∥∥
s∑

j=1

ΠB
s,j+1Γh

d∑
i=0

Li(j)γ
−i−1z(j − i)

∥∥∥∥∥∥
∞

≤ h
1
d

s∑
j=1

βs−j‖Γ‖∞
d∑

i=0

γ−i−1 ‖Li(j)‖∞ ‖z(j − i)‖∞

≤ h
1
d

s−1∑
j=0

βj

(
d∑

i=0

γ−i−1 ‖L‖∞
1

2γ

)

< h
1
dD∗ γ−d−1 − 1

γ(1− γ)(1− β)
.(45)

Based on (14a), (45), and the fact that ‖v‖∞ ≤ ‖v‖2 ≤ √
n‖v‖∞ for any n × 1

vector v, we have

‖wa(s+ 1)‖2 =

∥∥∥∥∥ΠĀ
s,dwa(d) +

s∑
i=d

ΠĀ
s,i+1H(i)

∥∥∥∥∥
2

≤
(
γ̄h
γ

)s−d+1

‖wa(d)‖2 +
s∑

i=d

(
γ̄h
γ

)s−i√
N‖H(i)‖∞

≤
(
γ̄h
γ

)s−d+1

‖wa(d)‖2 +
[
1−

(
γ̄h
γ

)s−d+1
]
h

1
dD∗√N

(
γ−d−1 − 1

)
(1− γ)(1− β)(γ − γ̄h)

≤ w̄,(46)

where w̄ is defined in (33). The last inequality in (46) is obtained from Lemma 3.2
and wa(d) = w(d). Since wa(k) = w(k) for all k ≥ d, we have ‖w(k)‖2 ≤ w̄ for all
k = 0, 1, . . . , s + 1. Then, according to the definition of ē(k) in (13), it follows from
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(46) that

‖ē(s+ 1)‖∞ =

∥∥∥∥∥z(s+ 1) + h

d∑
i=0

Li(s+ 1)γ−iz(s+ 1− i)

−h
d∑

i=0

Li(s+ 1)γ−iw(s+ 1− i)

∥∥∥∥∥
∞

≤
1 + h

d∑
i=0

‖Li(s+ 1)‖∞ γ−i

2γ
+ hw̄

d∑
i=0

‖Li(s+ 1)‖∞ γ−i

≤ 1

2γ
+

(
1

2γ
+ w̄

)
2hD∗ γ

−d−1 − 1

γ−1 − 1

= K1(h, γ, g0).(47)

By induction, we know that ‖ē(k)‖∞ ≤ K1(h, γ, g0) and ‖w(k)‖2 ≤ w̄ for all k ≥ 0;
that is to say, the quantizer will never be saturated if (36) is satisfied. By the definition
of w(k) and 0 < γ < 1, (9) is obtained.

From (28), (31), and (44), we have

lim
h→0+,γ→1−

|f(h, γ, d)| < +∞, lim
γ→1−

γ−d−1 − 1

γ−1 − 1
= d+ 1,

lim
h→0+,γ→1−

h

γ − γ̄h
=

1

λ2
, lim

h→0+
β = 0.

It follows that

lim
h→0+,γ→1−

K1(h, γ, g0) =
1

2
,

which is (37). So far, we have proved part I.
It is noted that

‖ξ(k)‖2 = ‖g(k)w(k)‖2 ≤ w̄g0γ
k,

which leads to (38). According to (8) we arrive at

lim
k→∞

‖X(k)− JNX(0)‖1/k2 = lim
k→∞

exp

{
1

k
ln ‖ξ(k)‖2

}

≤ exp

{
lim
k→∞

ln ‖ξ(k)‖2
k

}

≤ exp

{
lim
k→∞

ln
(
w̄g0γ

k
)

k

}

= γ.

By this and the definition of rasym we get (39).
Remark 3.2. We have provided the ranges of the consensus gain h and scaling

parameter γ such that w(k) and z(k) are uniformly bounded, and consequently, the
consensus error ξ(k) converges to 0 at the exponential rate O(γk). We have worked
out a lower bound of the quantization level K, which is a continuous function of h,
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γ, and g0. From (36) we can see that the bit rate can reach 1 when K1 < 1. On the
other hand, K1 can approach 1

2 when h → 0+ and γ → 1−. Hence there is a trade-off
between the consensus rate and the communication data rate. A lower communication
data rate requires a larger γ, which leads to a lower consensus convergence rate O(γk).
On the other hand, a smaller γ can guarantee a faster convergence, but, according
to (32), (33), and (36), a higher data rate is required for each channel. This result is
coincident with the delay-free case [14].

Remark 3.3. When we design the parameters h, γ, g0 and calculate the lower
bound of quantization level, some knowledge is required, such as the positive lower
bound of λ2, the upper bound of D∗.1 In fact, this can be estimated for some special
graphs. For example, for expander networks, if the communication graph is a d-regular
c-expander, we have λ2 ≥ d−√

d2 − c2, D∗ = d.

The above result for the constant time delay case provides a new way to solve
such a complicated consensus problem. Based on this result, in the next subsection,
we shall consider a more general case in which the communication delays are time-
varying.

Case 2. Time-varying delays. In this section, we shall consider that the delays in

the transmission channels are time-varying. Note that the summation
∑d

l=0 Ll(k)
Δ
=

L(k) is no longer a constant matrix due to the time-varying delays. It is much more
complicated to analyze the stability of the system than the one with constant delays.
Nevertheless, L(k) has the following properties:

(48) L ≤
d∑

l=0

L(k + l), L(k) ≤ dL.

In fact, due to the fact that the time delays are bounded by d, a packet in each
channel will be received within d steps, which implies the first inequality in (48). On
the other hand, the receiver can receive at most d packets from each channel at one
time, which yields the second inequality in (48). Similar to Lemma 3.2, we have the
following lemma. The proof is similar to that of Lemma 3.2 by considering (48) and
thus is omitted.

Lemma 3.3. Consider system (12a)–(12b). Define

(49) M2(h, γ, g0) =
1

2γ
+

(
1

2γ
+ f2(h, γ, d)

)
2hdD∗ γ

−d − 1

γ−1 − 1
,

where f2 is given by

f2(h, γ, k) = pk2
2
√
NCx

g0
+

hd
√
NλN

(
γ−d − 1

) (
pk2 − 1

)
2γ (1− γ) (p2 − 1)

, p2 = γ−1 + hλNd
γ−d − 1

1− γ
.

If g0 ≥ 2γCx and K ≥ �M2(h, γ, g0) +
1
2�, then the following inequalities hold for all

k = 0, 1, . . . , d:

(50) ‖w(k)‖2 ≤ f2(h, γ, k), ‖z(k)‖∞ ≤ 1

2γ
.

1The upper bound of λN can be estimated by λN ≤ 2D∗.
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Define
(51)

h̄θ,1 = min

{
h1(λNd, θ),

λ2

ρ̄A(θ)
,

(
1 + 2dD∗(1 − θ)−1 +

ρB(λNd, θ, (d+ 1)−1)

4

)−d
}
,

with

ρ̄A(θ)
Δ
= (d+ 1)ρA(λNd, θ) +

(1 + θ)
d+1 − 1− (d+ 1)θ

θ2

×
(√

d2λ2
N + 4αρA(λNd, θ) + λNd

2

)2

,(52)

and

γ̄h,1 = 1− λ2h+ ρ̄A(θ)h
2,(53)

(54) K2(h, γ, g0) =
1

2γ
+

(
1

2γ
+ w̄1(h, γ)

)
2hdD∗ γ

−d−1 − 1

γ−1 − 1
,

with

w̄1(h, γ)
Δ
= max

{(
1 + ρA(λNd, θ)h2

γ

)d

f2(h, γ, d),

(
1+ρA(λNd,θ)h2

γ

)d+1

− 1(
1+ρA(λNd,θ)h2

γ

)
− 1

h
1
d dD∗√N

(
γ−d−1 − 1

)
(1 − γ)(1− β1) (γ − γ−dγ̄h,1)

}
,(55)

β1 = max

{
h

1
d , h

1
d
2dD∗(1− θ)−1 + ρB(λNd, θ, (d+ 1)−1)/4

1− h
1
d

}
.(56)

Then we have the following result.
Theorem 3.2. Consider system (1) with time-varying transmission delays. Un-

der Assumptions 1–4, we apply the protocol (5) with encoder (2) and decoder (3). For
any given θ > 0 satisfying (21), if h, γ, g0 satisfy

(57) h ∈ (0, h̄θ,1), γ ∈ ( d+1
√
γ̄h,1, 1), g0 ≥ 2γCx,

and the number of the quantization level satisfies

(58) K ≥
⌊
K2(h, γ, g0) +

1

2

⌋
,

we have the following result:
I. The average consensus problem is solved. In particular, K2(h, γ, g0) satisfies

(59) lim
h→0+,γ→1−

K2(h, γ, g0) =
1

2
;

i.e., the lower bound of the number of transmitting bits is 1.
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II. We have rasym ≤ γ, and the consensus error ξ(k) satisfies

(60) lim sup
k→∞

‖ξ(k)‖2
γk

≤ w̄g0.

Proof. The proof is partly similar to that of Theorem 3.1, so only the different
part will be pointed out. We consider system (14a)–(14b) with the initial condition
of A(k) satisfying

‖ΔA(k)‖2 < ρA(λNd, θ)h2 ∀k = 0, 1, . . . , d− 1,

where θ satisfies (21). By considering (48), we can see that supk≥0 λ(L(k)) ≤ λNd.
Then, according to Lemma 3.1 and (57), we have that ‖ΔA(k)‖2 < ρA(λNd, θ)h2 for
all k ≥ 0. System (14a) can be rewritten as

(61) wa(k + 1) = Ā(k)wa(k) +H(k),

where

(62) Ā(k) = A(k)(I − JN ) = γ−1(I − hL(k)− JN +ΔĀ(k)),

with ΔĀ(k)
Δ
= ΔA(k)(I−JN ). It is clear that ΔĀ(k) satisfies ‖ΔĀ(k)‖2 < ρA(λNd, θ)h2.

According to (57), by simple calculation, it is shown that

(63) λNd+ ρA(λNd, θ)h <

√
d2λ2

N + 4ρ̄Aθ + λNd

2
.

By defining g(k) = maxj=0,...,d ‖hL(k + j)−ΔĀ(k + j)‖2, it is easy to check that

(64) g(k) ≤ λNdh+ ρA(λNd, θ)h2 < θ,

and therefore

(65)
(1 + g(k))d+1 − 1− (d+ 1)g(k)

g2(k)
<

(1 + θ)d+1 − 1− (d+ 1)θ

θ2
.

Then we have∥∥∥ΠγĀ
k+d,k

∥∥∥
2
= γd+1

∥∥∥ΠĀ
k+d,k

∥∥∥
2

≤ ‖(I − JN − hL(k + d) + ΔĀ(k + d)) · · · (I − JN − hL(k) + ΔĀ(k))‖2

≤
∥∥∥∥∥I − JN − h

d∑
i=0

L(k + i)

∥∥∥∥∥
2

+ (d+ 1)ρA(λNd, θ)h2

+
[
(1 + g(k))

d+1 − 1− (d+ 1)g(k)
]

<

∥∥∥∥∥I − JN − h

d∑
i=0

L(k + i)

∥∥∥∥∥
2

+

[
(d+ 1)ρA(λNd, θ)

+
(1 + θ)

d+1 − 1− (d+ 1)θ

θ2

(√
d2λ2

N + 4ρA(λNd, θ)θ + λNd

2

)2]
h2

≤ γ̄h,1,(66)
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where γ̄h,1 is as defined in (53). The second to last inequality is due to (63) and

(65). From (66) we can see that d+1
√
γ̄h,1 < γ < 1 implies ‖ΠĀ

k+d,k‖2 < 1, which
guarantees the stability of system (61). By considering (64), we know that θ >
λNdh+ ρA(λNd, θ)h2, which leads to that γ̄h,1 > 1− θ. According to Lemma 3.1, we
have

‖ΔBj (k)‖∞ < ρB(λNd, θ, (d+ 1)−1)h2,

where ΔBj (k) is as defined in (22). Again we introduce the augmented system (42) of
(14b). Then by applying the same manipulation as in (44), for matrix B̄(k) defined
in (43), we have

∥∥B̄(k)
∥∥
∞ < β1, where β1 is as defined in (56). Note that β1 < 1 if

and only if

(67) h <

(
1 + 2dD∗(1− θ)−1 +

ρB(λNd, θ, (d+ 1)−1)

4

)−d

.

Inequality (57) guarantees (67) and therefore the stability of system (42). Briefly
stated, h and γ satisfying (57) make sure that the system (14a)–(14b) is stable. Since
wa(k) = w(k) for all k ≥ d, we can conclude that system (12a) is stable, which means
we have solved part 1 of our Problem.

Next, we need to determine K2 such that the quantizer will not be saturated for
any K satisfying (58). It is easy to check that K2(h, γ, g0) > M2(h, γ, g0), where M2

is as defined in (49), which means that ‖ē(k)‖∞ ≤ K2(h, γ, g0) for k = 0, 1, . . . , d.
Suppose that

(68) ‖ē(k)‖∞ ≤ K2(h, γ, g0) ∀ k = 0, 1, . . . , s,

where s ≥ d. According to (12b) we see that ‖z(k)‖∞ ≤ 1
2γ for all k = 0, 1, . . . , s+1,

s ≥ d. Considering (42) with initial condition H̄(0) = 0, along the same lines of (45),
we have

(69)
∥∥H̄(s)

∥∥
∞ < h

1
d dD∗ γ−d−1 − 1

γ(1− γ)(1− β1)
.

From (62) we get

(70)
∥∥Ā(k)∥∥

2
≤ ‖I − hL(k) + ΔĀ(k)‖2 + ρA(λNd, θ)h2

γ
≤ 1 + ρA(λNd, θ)h2

γ
,

which together with (66) results in that, for any k ≥ 0, m ≥ 0,

∥∥∥ΠĀ
k+m,k+1

∥∥∥
2
≤
(
1 + ρA(λNd, θ)h2

γ

)m−φm,d
(

γ̄h,1
γd+1

)φm,d

≤
(
1 + ρA(λNd, θ)h2

γ

)d (
γ̄h,1
γd+1

)φm,d

and

m∑
i=0

∥∥∥ΠĀ
k+i,k+1

∥∥∥
2
≤ 1− (

γ−d−1γ̄h,1
)φm,d

1− γ−d−1γ̄h,1

d∑
j=0

(
1 + ρA(λNd, θ)h2

γ

)j

≤ 1− (
γ−d−1γ̄h,1

)φm,d

1− γ−d−1γ̄h,1

(
1+ρA(λNd,θ)h2

γ

)d+1

− 1(
1+ρA(λNd,θ)h2

γ

)
− 1

,(71)
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where φm,d
Δ
= � m

d+1�. Then we have

‖wa(s+ 1)‖2 =

∥∥∥∥∥ΠĀ
s,dwa(d) +

s∑
i=d

ΠĀ
s,i+1H(i)

∥∥∥∥∥
2

≤
(

γ̄h,1
γd+1

)φs−d+1,d
(
1 + ρA(λNd, θ)h2

γ

)d

‖wa(d)‖2

+
1−

(
γ̄h,1

γd+1

)φs−d+1,d

1− γ̄h,1

γd+1

(
1+ρA(λNd,θ)h2

γ

)d+1

− 1(
1+ρA(λNd,θ)h2

γ

)
− 1

h
1
d dD∗√N

(
1

γd+1 − 1
)

γ(1− γ)(1− β1)

≤ w̄,(72)

where w̄ is defined in (55). The first inequality in (72) follows from (69) and (71), and
the second inequality is due to Lemma 3.3 and the definition of w̄. Along the same
lines of (47), there holds that

‖ē(s+ 1)‖∞ ≤ K2(h, γ, g0).

By induction, we know that ‖ē(k)‖∞ ≤ K2(h, γ, g0) for all k ≥ 0, which means that
the quantizer will never be saturated if (58) is satisfied. By the definition of w(k) and
0 < γ < 1, (9) is obtained. The proof of (59) and (60) is analogous to that of (37)
and (38) which is omitted here.

Remark 3.4. Note that the result is more conservative for the time-varying delay
case than that for the constant delay case. For the same consensus gain h and scaling
parameter γ, we need a higher transmission bit rate for the time-varying delay case.
Nevertheless, K2 can also approach 1

2 when h → 0+ and γ → 1−, which implies
the attainability of a one-bit information exchange while guaranteeing the average
consensus.

4. Numerical example. We consider a network with five agents and 0–1 weights
over the edges. The edges of the graph are initially randomly generated with proba-
bility 0.5. By calculation, we have λ2 = 3, λN = 5, and D∗ = 4. The initial conditions
of the agents are

x1(0) = 0.8449, x2(0) = 0.7531, x3(0) = 0.7030, x4(0) = 0.2466, x5(0) = 0.0399.

We assume that all the transmitted data suffers from one step delay. We choose
h = 0.0005, γ = 0.9993, and g0 = 2. According to (32) we have K1 = 0.8539. From
Theorem 3.1 we know that a one-bit quantizer can be used. The state trajectories are
shown in Figure 4. From the figure we see that the average value of the initial states,
0.5175, is achieved asymptotically.

Following Remark 3.2, there is a trade-off in choosing the parameter h, γ, and the
data rate. From the above example we see that one-bit rate communication requires
that γ be close enough to 1. In fact, the bit number is a conservative estimate, and
in practice, fewer bits may be enough when a smaller γ is chosen. If we take h = 0.01
and γ = 0.99, from (32) we get K1 = 19.31. We still use the one-bit quantizer; the
state trajectories are shown in Figure 5. We see that the average consensus is achieved
asymptotically as well.
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Fig. 4. State trajectories of five agents with h = 0.0005 and γ = 0.9993.
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Fig. 5. State trajectories of five agents with h = 0.01 and γ = 0.99.

5. Conclusions. We have considered the average consensus problem for first
order discrete time multiagent systems with communication delays and limited data
rate. The dynamical encoding and decoding with finite-level quantization has been
adopted. It has been shown that when the network is connected, a distributed protocol
can be designed such that the average consensus problem is solvable under a finite-
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level quantizer. In particular, no matter how large the delays are, we are always
able to design a distributed protocol to ensure asymptotic average consensus with an
exponential convergence rate using merely a one-bit information exchange between
each pair of adjacent agents at each time step.

The encoder and decoder are node-based, which makes the results restrictive.
To extend the result to dynamically switching communication graphs, we need to
design a channel-based coding strategy, i.e., to design different encoders for different
channels. Further, it is possible to consider random packet dropouts and/or random
communication graphs when we adopt the channel-based coding strategy. It is worth
mentioning that the receipt acknowledgment of each channel is required when the
channel-based coding strategy is used.

Appendix A. Proof of Lemma 3.1. Before proving Lemma 3.1, we introduce
the following lemma.

Lemma A.1. Given a series of n × n matrices F1, F2, . . . , Fl satisfying, for all
i = 1, . . . , l, ‖Fi‖ < 1, we have the following result:∥∥∥(I − F1)

−1
(I − F2)

−1 · · · (I − Fl)
−1 − I

∥∥∥
≤ (1− ‖F1‖)−1 (1− ‖F2‖)−1 · · · (1− ‖Fl‖)−1 − 1,(73)

where ‖ · ‖ can be any induced norm.
Proof. ‖Fi‖ < 1 guarantees that I − Fi is invertible. In fact, if I − Fi is singular,

we can find a vector v satisfying (I − Fi) v = 0. Thus

‖v‖2 = ‖Fiv‖2 ≤ ‖Fi‖ ‖v‖2 < ‖v‖2 ,
which is a contradiction. Therefore, such a v does not exist. Then for any i =
1, 2, . . . , l, we have

(I − Fi)
−1

=

∞∑
k=0

F k
i ,

and therefore∥∥∥(I − F1)
−1 · · · (I − Fl)

−1 − I
∥∥∥ =

∥∥∥∥∥
( ∞∑

k=0

F k
1

)( ∞∑
k=0

F k
2

)
· · ·

( ∞∑
k=0

F k
l

)
− I

∥∥∥∥∥
=

∥∥∥∥∥∥
∑

1≤i≤l

Fi +
∑

1≤i≤j≤l

FiFj + · · ·
∥∥∥∥∥∥

≤
∑

1≤i≤l

‖Fi‖+
∑

1≤i≤j≤l

‖Fi‖ ‖Fj‖+ · · ·

= (1− ‖F1‖)−1
(1− ‖F2‖)−1 · · · (1− ‖Fl‖)−1 − 1,

which is (73).
Proof of Lemma 3.1. It is straightforward that for any given θ satisfying (21), if

h < h1, then we have

(74) λ̄h+ ρA(λ̄, θ)h
2 ≤ θ.

From (23) and (74) we see that A(k) is invertible for k = 0, 1, . . . , d − 1. Next, we
shall show that (23) holds for all k ≥ 0. Assume that ‖ΔA(k)‖2 < ρA(λ̄, θ)h

2 for
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k = 0, . . . , r − 1, where r ≥ d. According to (15)–(18), for all d ≤ k ≤ r, we arrive at
the following relationships:

I − γA(k) =

k∑
i=0

hLi(k)γ
−i
(
ΠA

k−1,k−i

)−1

=

k∑
i=1

hLi(k)
[
(I − (hL−ΔA(k − i)))

−1 · · · (I − (hL−ΔA(k − 1)))
−1 ]

+ hL0(k)

= hL−ΔA(k).(75)

Denote g(k) = maxj=1,...,d ‖hL−ΔA(k − j)‖2 . It is clear that for all k ≤ r, we have
g(k) ≤ θ. This is due to the fact that g(k) ≤ λ̄h+ ρA(λ̄, θ)h

2. According to (75), we
have

‖ΔA(r)‖2 =

∥∥∥∥∥
d∑

i=1

hLi(r)

[(
ΠI−hL+ΔA

r−1,r−i

)−1

− I

]∥∥∥∥∥
2

≤ h ‖L(k)‖2
d∑

i=1

[
(1− g(r))

−i − 1
]

≤ λ̄h
(1− g(r))

−d − 1− dg(r)

g(r)

≤ λ̄h
(
λ̄h+ ρA(λ̄, θ)h

2
) (1− g(r))

−d − 1− dg(r)

g2(r)

< h2
(
λ̄2 + θρA(λ̄, θ)

) (1− θ)−d − 1− dθ

θ2
.(76)

The first inequality comes from Lemmas 2.1 and A.1 and the definition of g(k). The
third inequality is due to the fact that g(r) ≤ λ̄h+ ρA(λ̄, θ)h

2. The last inequality is
obtained from the inequality λ̄h < λ̄h+ ρAh

2 ≤ θ. According to the definition of ρA
and inequality (76) we see that ‖ΔA(r)‖2 < ρA(λ̄, θ)h

2. It is clear that A(r) is also
invertible. By induction, ‖ΔA(k)‖2 < ρA(λ̄, θ)h

2 and A(k) is invertible for all k ≥ 0.

Next, we shall prove (26). According to (15)–(18) we have, for all j = 1, 2, . . . , d,

(77) Bj(k) =
d∑

i=j

hLi(k)γ
−i−1

(
ΠA

k−j,k−i

)−1
.

Since (1− θ)l < γ < 1, we know that for all j < d, γ−j < γ−d < (1− θ)−ld. Then, by
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comparing (22) and (77), we have

∥∥ΔBj (k)
∥∥
2
=

∥∥∥∥∥∥γ−j
d∑

i=j

hLi(k)
(
γj−i−1

(
ΠA

k−j,k−i

)−1 − I
)∥∥∥∥∥∥

2

≤ hγ−j ‖L(k)‖2
d∑

i=j

[
(1− g(k))

−(i−j+1) − 1
]

< λ̄hγ−d (1− g(k))
−d − 1− dg(k)

g(k)

≤ λ̄hγ−d
(
λ̄h+ ρA(λ̄, θ)h

2
) (1− g(k))

−d − 1− dg(k)

g2(k)

< h2
(
λ̄2 + θρA(λ̄, θ)

) (1− θ)
−d − 1− dθ

θ2(1− θ)ld
.

It is known that for any given n× n matrix B, ‖B‖∞ ≤ √
n ‖B‖2; then we have

∥∥ΔBj (k)
∥∥
∞ ≤

√
N
∥∥ΔBj (k)

∥∥
2
< ρB(λ̄, θ, l)h

2.

Appendix B. Proof of Lemma 3.2.
Proof. Set k = 0; then we have

(78) ‖w(0)‖2 ≤
√
N ‖w(0)‖∞ =

√
N ‖ξ(0)‖∞

g0
≤ 2

√
NCx

g0
= f1(h, γ, 0),

which is the first inequality of (29). The last inequality of (78) is due to the fact that
‖ξ(0)‖∞ ≤ 2Cx. According to the definition of z(k), we have

‖z(0)‖∞ =

∥∥∥∥∥X̃(0)

g0

∥∥∥∥∥
∞

=

∥∥∥∥X(0)

g0

∥∥∥∥
∞

≤ Cx

g0
≤ 1

2γ
,

which is the second inequality of (29).
Next, we assume that (29) is satisfied when k = 0, 1, . . . , r with r < d. It is clear

that f1(h, γ, k) is an increasing function due to the fact that p1 > 1. According to
the definition of ē(k) we have that

‖ē(r)‖∞ ≤
∥∥∥∥∥z(r) + h

r∑
i=0

Li(r)γ
−iz(r − i)− h

r∑
i=0

Li(r)γ
−iw(r − i)

∥∥∥∥∥
∞

≤
(
1 + h

r∑
i=0

‖Li(r)‖∞ γ−i

)
1

2γ
+ h

r∑
i=0

‖Li(r)‖∞ γ−if(r)

≤
(
1 + h ‖L‖∞

γ−r−1 − 1

γ−1 − 1

)
1

2γ
+ h ‖L‖∞ f1(h, γ, r)

γ−r−1 − 1

γ−1 − 1

≤ M1(h, γ, g0).

Because K ≥ �M1(h, γ, g0) +
1
2�, we know that ē(r) does not make the quantizer

saturate, which, according to (12b), leads to the fact that ‖z(r + 1)‖∞ ≤ 1
2γ .
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From (12a), we have

‖w(r + 1)‖2 ≤ γ−1

∥∥∥∥∥w(r) − h

r∑
i=0

Li(r)γ
−iw(r − i)

∥∥∥∥∥
2

+ γ−1

∥∥∥∥∥h
r∑

i=0

Li(r)γ
−iz(r − i)

∥∥∥∥∥
2

≤ γ−1

(
1 + h

r∑
i=0

‖Li(r)‖2 γ−i

)
f1(h, γ, r) + γ−1

√
N

2γ
h

r∑
i=0

‖Li(r)‖2 γ−i

≤ p1f1(h, γ, r) +

√
N

2γ
h ‖L‖2

γ−r−1 − 1

1− γ

= f1(h, γ, r + 1),

which means that (29) holds for k = r+1. By induction, the proof is completed.

REFERENCES

[1] P.-A. Bliman and G. Ferrari-Trecate, Average consensus problems in networks of agents
with delayed communications, Automatica J. IFAC, 44 (2008), pp. 1985–1995.

[2] M. Cao, A. S. Morse, and B. D. O. Anderson, Reaching a consensus in a dynamically
changing environment: A graphical approach, SIAM J. Control Optim., 47 (2008), pp. 575–
600.

[3] M. Cao, A. S. Morse, and B. D. O. Anderson, Reaching a consensus in a dynamically
changing environment: Convergence rates, measurement delays, and asynchronous events,
SIAM J. Control Optim., 47 (2008), pp. 601–623.

[4] R. Carli and F. Bullo, Quantized coordination algorithms for rendezvous and deployment,
SIAM J. Control Optim., 48 (2009), pp. 1251–1274.

[5] R. Carli, F. Bullo, and S. Zampieri, Quantized average consensus via dynamic cod-
ing/decoding schemes, Internat. J. Robust Nonlinear Control, 20 (2010), pp. 156–175.

[6] R. Carli, F. Fagnani, P. Frasca, and S. Zampieri, Efficient quantization for average con-
sensus, preprint, http://arxiv.org/abs/0903.1337, 2009.

[7] R. Carli, F. Fagnani, P. Frasca, and S. Zampieri, Gossip consensus algorithms via quan-
tized communication, Automatica J. IFAC, 46 (2010), pp. 70–80.

[8] R. Carli, F. Fagnani, A. Speranzon, and S. Zampieri, Communication constraints in the
average consensus problem, Automatica J. IFAC, 44 (2008), pp. 671–684.

[9] C. D. Godsil and G. Royle, Algebraic Graph Theory, Springer, New York, 2001.
[10] M. Huang and J. H. Manton, Coordination and consensus of networked agents with noisy

measurements: Stochastic algorithms and asymptotic behavior, SIAM J. Control Optim.,
48 (2009), pp. 134–161.

[11] A. Jadbabaie, L. Jie, and A. S. Morse, Coordination of groups of mobile autonomous agents
using nearest neighbor rules, IEEE Trans. Automat. Control, 48 (2003), pp. 988–1001.

[12] S. Kar and J. M. F. Moura, Distributed consensus algorithms in sensor networks with im-
perfect communication: Link failures and channel noise, IEEE Trans. Signal Process., 57
(2009), pp. 355–369.

[13] A. Kashyap, T. Basar, and R. Srikant, Quantized consensus, Automatica J. IFAC, 43
(2007), pp. 1192–1203.

[14] T. Li, M. Fu, L. Xie, and J. F. Zhang, Distributed consensus with limited communication
data rate, IEEE Trans. Automat. Control, 56 (2011), pp. 279–292.

[15] T. Li and J. F. Zhang, Consensus conditions of multi-agent systems with time-varying topolo-
gies and stochastic communication noises, IEEE Trans. Automat. Control, 55 (2010),
pp. 2043–2057.

[16] S. Liu, L. Xie, and H. Zhang, Distributed consensus for multi-agent systems with delays and
noises in transmission channels, Automatica J. IFAC, 47 (2011), pp. 920–934.

[17] A. Nedic, A. Olshevsky, A. Ozdaglar, and J. N. Tsitsiklis, On distributed averaging
algorithms and quantization effects, IEEE Trans. Automat. Control, 54 (2009), pp. 2506–
2517.

[18] R. Olfati-Saber and R. M. Murray, Consensus problems in networks of agents with switch-
ing topology and time-delays, IEEE Trans. Automat. Control, 49 (2004), pp. 1520–1533.

[19] W. Ren and R. W. Beard, Distributed Consensus in Multi-vehicle Cooperative Control, Com-
munications and Control Engineering, Springer, London, 2008.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2262 SHUAI LIU, TAO LI, AND LIHUA XIE

[20] F. Xiao and L. Wang, Consensus protocols for discrete-time multi-agent systems with time-
varying delays, Automatica J. IFAC, 44 (2008), pp. 2577–2582.

[21] L. Xiao and S. Boyd, Fast linear iterations for distributed averaging, Systems Control Lett.,
53 (2004), pp. 65–78.

[22] M. E. Yildiz and A. Scaglione, Coding with side information for rate-constrained consensus,
IEEE Trans. Signal Process., 56 (2008), pp. 3753–3764.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


